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HIDA DUALITY AND THE IWASAWA MAIN CONJECTURE 


MATTHEW J. LAFFERTY 


Abstract. The central result of this paper is a refinement of Hida’s duality theorem between 
ordinary A-adic modular forms and the universal ordinary Hecke algebra. Specifically, we 
give a necessary condition for this duality to be integral with respect to particular submodules 
of the space ordinary A-adic modular forms. This refinement allows us to give a simple proof 
that the universal ordinary cuspidal Hecke algebra modulo Eisenstein ideal is isomorphic 
to the Iwasawa algebra modulo an ideal related to the Kubota-Leopoldt p-adic L-function. 
The motivation behind these results stems from Ohta’s proof of the Iwasawa main conjecture 
over Q. Specifically, the most general application of this argument, which employs results on 
congruence modules and requires one to make some restrictive hypotheses. Using our results 
we are able to extend Ohta’s argument and remove these hypotheses. 


1. Introduction 

In order to fix notation, we begin by recalling the setup and statement of the Iwasawa main 
conjecture over Q. We fix a prime p > 5 throughout. For an arbitrary Dirichlet character ip , we 
let M v and denote its modulus of definition and conductor, respectively. For a non-negative 
integer n, we denote the primitive character associated to the product pu~ n by ip n , where co 
is the usual Teichmiiller character. To keep the notation compact and avoid ambiguity we set 
ip- 1 = (i p n )~ l . Let 9 and ijj be Dirichlet characters (possibly imprimitive) such that p \ M^, 
p 2 \ Mg , and 8i/j is even. Define 

F = abelian extension of Q corresponding to ker(# p _ 2 ) n ker(^o)) 

F 0 o = cyclotomic Z p -extension of F, 

H m = maximal unramified pro-p abelian extension of F^. 

The group Gal(.Fao/Q) acts on X® := Gal(iL 00 /I i o 0 ) via conjugation, and our assumptions on 
Mg and imply that Gal(-Fao/Q) = A x T, where A := Gal(E/Q) and T := Gal(Eoo/E) = Z p , 
making X^ a Z p [A][rj-module. 

Set £ = (9~ 1 ip)o and let O £ = Z p [£] denote the ring generated over Z p by the values of £. 
We remark that our choice of £ is inverse to that of Ohta. Define 

Xx>,£i = JfooOZpfA] Of, 

where the homomorphism Z p [A] —* O% is induced by £i. It can be shown that Xca,^ is a finitely 
generated torsion [FJ-module, and the structure of such modules is well understood. Let 
7 be a topological generator of T, and identify the Iwasawa algebra Og [[F] with := 
through the continuous -linear map induced by 7 >—> 1 + X. We then have a homomorphism 

Xqo,^ —» A{/(/i) © • • • ©A {/(/r) 

with finite kernel and cokernel, where the ft are non-zero elements of A^. We refer to such a 
homomorphism as a pseudo-isomorphism. While the fi are not uniquely determined by , 

their product is. The ideal (/1 • • • f r ) c A^ is called the characteristic ideal of X 00i j 1 , which we 
denote by CharA { (X 00i ^ 1 ). 

Next, we recall that if ip is a Dirichlet character with conductor not divisible by p 2 , then 
there exists a unique element 


1 
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F{X,<p)e 


ZpMm 


p a i 
( p = i, 


where 1 denotes the trivial character modulo 1, such that for all integers k > 2 and Q*-valued 
characters e on 1 + pZ p having p-power order, 


F(e(u)u k 2 -l,<p) = L p (k-2,ipe 1 ), 


with u := 1 +p and L p (s, <pe 1 ) denoting the Kubota-Leopoldt p-adic L-function associated to 
the character pe -1 [Wa, Theorem. 7.10]. 


Theorem 1.1 (Iwasawa main conjecture over Q). We have the following equality of ideals, 

Char A| (Xoo ,^) = (Fpf,^ 1 )). 

The main conjecture was first proven by Mazur and Wiles [MW], and has since been proven 
in even greater generality. In [W2], Wiles simplified the proof in his paper with Mazur while 
generalizing it to extensions of totally real fields, including the case when p = 2. Around 
the same time, Rubin gave a much simpler proof of the main conjecture over Q (resp., over 
imaginary quadratic fields) using a tool from Galois cohomology known as an Euler system 
[Ru]. More recently, Ohta has given a simple proof in the spirit of Mazur and Wiles [02, 
03, 04, 05, 06]. The most general application of Ohta’s argument [04] employs results on 
congruence modules which require the following hypotheses: 

(HI) p\ip(N) (<p is Euler’s totient function), 

(H2) the pair (9, if) is non-exceptional: (9if~ 1 ) p -2(p) ¥= 1. 

The results in this paper were obtained in an effort to extend Ohta’s proof in [04] by circum¬ 
venting the obstructions arising from his congruence module argument. 

Before giving a summary of the main results that will be used to extend Ohta’s proof, we 
want to briefly comment on why one might be interested in doing so. Recently, Sharifi [S] has 
conjectured a deep relationship between and p-adic Eichler-Shimura cohomology groups 
of modular curves, and one can show that the Iwasawa main conjecture over Q is a shadow 
of this deeper relationship [FKS]. However, Sharifi’s constructions incorporate Ohta’s work 
on the main conjecture, and as such the above hypotheses are assumed. By removing these 
hypotheses in the context of Ohta’s proof of the main conjecture, one hopes to be able to free 
Sharifi’s conjectures of them as well. 


1.1. Main results. We fix algebraic closures Q and Q p , and denote the completion of Q p by 
C p . Throughout this paper O will denote the ring of integers of a complete subfield of C p with 
uniformizer n. We set A = 0[X]. Fix a positive integer N coprime to p satisfying MgM^ \ Np. 
Let M a (resp., 5a) denote the space of ordinary A-adic modular forms (resp., ordinary A-adic 
cusp forms) of level N, and if a (resp., f) A ) Hida’s universal ordinary Hecke algebra (resp., 
universal ordinary cuspidal Hecke algebra) of level N. It is well known that M\, 5a, £>a> and 
f)A are free and finitely generated A-modules. 

For the moment, let us assume that O contains all roots of unity. In [04], Ohta considers 
the following exact sequence of fj A -modules, 

0 -> S A -* Ma Ca -> 0, 

where Res A is the A-adic residue map and Ca is the space of ordinary A-adic cusps. Of particular 
interest is the image of ordinary A-adic Eisenstein series under Res A , as understanding this 
image allows one to determine congruences between such series and ordinary A-adic cusp forms. 
For an Eisenstein series £ e M\ associated to a pair of primitive, non-exceptional characters, 
Ohta was able to determine Res A (£) by localizing the above sequence at the Eisenstein maximal 
ideal 911 := (n, X, Ann# A (£)) <= Specifically, he was able to isolate the image of £ under 
the A-adic residue map by showing that the localization C A ,m is a free A-module of rank 
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1. Unfortunately, this argument cannot be extended to Eisenstein series associated to pairs 
of exceptional characters, as Ca<hi in this case is free of rank 2. In this paper, rather than 
localizing the above sequence at 9Jt, we compute the image of Eisenstein series associated to 
arbitrary pairs of characters under the A-adic residue map directly. 


Theorem 4.8. Suppose t is a positive integer coprime to p satisfying AlgM^t \ Np, and let 
G M\ denote the Eisenstein series associated to the tuple (6,ip,t). Then 

ReS a(S& ,i/j;t) Ag ^ • Cg^.f 

for an explicitly determined tg^-t e Ca, with 


( 


\ 


Ag^ := 5g^(X) 


J1 ((i + xyw-w)r 2 ) 


■ t\hU 

\ d/ £ 


F(u~ L ( g A* 


) 


where 


9,bP0 = 


(1+A) u 2 (O 0 ,ipo) = (<w 2 ,1) 


1 (do, V’o) / (w 2 ,1). 

Furthermore, co, 4 >;t f ttiCa, where m denotes the maximal ideal of A. 


We note that when (0 O , V'o) = (w -2 ,1), we have Ag^ G Z p JA'] x [Wa, Lennna 7.12]. 

Let us now ease our restriction on O , and assume only that O contains the values of 6 and 
ip. Using the above theorem we are able to construct a canonical element Eg^-t G Ma that 
maps to tg^-t G Ca under the A-adic residue map. This form arises from congruences between 
£o,i!>-,t and ordinary A-adic cusp forms, and has the following nice properties: 

(1) Eg^. t f mM a . 

(2) When ip = 1, we have ao(Eg,^-t) G A x . 

(3) Eg t ip-t is a Hecke eigenform modulo Sa, whose eigenvalues agree with those of £g^-t- 
Using the above properties and the congruences that define Eg^-t, we are able to prove the 
following refinement of Hida’s duality theorem. 


Theorem 5.5. Let V be a free A-submodule of Ma that contains Sa and is stable under the 
action of S)a- Denote the quotient field of A by Q(A) and define 

Vo = {Eg V®aO(A) : a n (F) g A for alln> 1 }. 

Because V is stable under the action of S)a, we know that 

V ®A Q{ A) = ;tl! • 1 • ! ) E\ , • • • , Fs)q(A) 

where the tuples (Oi, ipp, tf) are distinct and {Ei,..., F s } is a A-basis of Sa (Here we are assuming 
that O contains the values of all Oi and ipf). Define Jj(V) to be the A-subalgebra o/Eik 1 a(V) 
generated by the Hecke operators {T n : n ^ 1}. 

If the following conditions are satisfied for all integers i and j with 1 ^ * < j < m: 

(i) (9i)o # (8j )o (mod7r) or (ipf ) 0 # (ipj) 0 (modTr), 

(ii) (Oi )o # (ipjU - 1 )o (mod n) or ( ipi) 0 # (Ojuj ) 0 (mod7r). 
we have V 0 = (Eg 1 ^ 1 - tl ,. ■. ,Eg mi ^ m . tm ,F u ... ,F S ) A <= Ma and the pairing 

Vo x Sj(V) — A : (F,H) h- a±(F\H) 

is perfect. 


For the remainder of this subsection, let us assume that AIgM^ = N or Np and O = 
Z p [0, ip]. As we will see later, the former assumption ensures that £g,^-i is a normalized common 
eigenform for Sja- Using the above refinement of Hida’s duality theorem we are able to give a 
simple proof of the following proposition. 
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Proposition 5.6. Let 1$^ denote the image of Aim^ A (£g t f-i) in f) A . Then we have the fol¬ 
lowing isomorphism of A-algebras 

tlA /Ig,ip = A/(Ag^). 

The form of this result is well known. It was first proven by Mazur and Wiles in the 
case when ip = 1 and 9 is primitive and non-exceptional [MW]. In [04], Ohta removed the 
triviality condition on ip, proving the result for pairs of primtive, non-exceptional characters. 
Unfortunately, his proof requires the Iwasawa main conjecture over Q. Using Katz’s p-adic 
modular forms, Emerton has given a proof of the above isomorphism in the case when ip = 1 
and 6 is a nontrivial power of the Teichmullcr character [E]. In fact, his method was the 
inspiration for the proof of Theorem 5.5. The novelty of our approach lies in its simplicity and 
generality. Specifically, our proof does not require the Iwasawa main conjecture over Q and 
makes no restrictions on the characters 9 and ip apart from those required in the definition of 
the ordinary A-adic Eisenstein series £g,fc\. 

With the above results in hand we are able to extend Ohta’s proof of the main conjecture. 
Let us give a brief overview of how we will go about doing so. For reasons that will be made 
clear later, it suffices to construct an unramified pro-p abelian extension L 0 0 of Poo satisfying 
the following conditions: 

(HI) A acts on Gal(Loo/-Foo) via £i, 

(H2) Char A ,(Gal(Loo/Eoo)) = (■ F{X,&)). 

To construct such an extension we will consider the Galois representation arising from the 
p-adic Eichler-Shimura cohomology group of level N. Specifically, by applying the method of 
Kurihara [Ku] and Harder-Pink [HP] to this representation, we are able to construct a pro-p 
abelian extension L/F^. Without assuming (HI) or (H2) it is possible that this extension is 
ramified. However, the method of Kurihara and Harder-Pink also supplies us with an embedding 
of Gal(L/Foo) into the reduction modulo Eisenstein ideal of a particular lattice of the quotient 
field of Hida’s universal ordinary cuspidal Hecke algebra. Through this embedding we are able 
understand the structure of Gal(L/ F^) as an Iwasawa module. In particular, we can show that 
A acts on Gal(L/F x ) via £i. We then use this structure to determine not only which primes 
can ramify in the extension L/F, jo, but also how this ramification manifests itself in terms of 
the characteristic ideal of Gal(L/Foo). 

Lemma 6.7 ([04], Lemma A.2.1). Let £ A p be a prime and Kg/F^ the maximal subextension 
of L/Faj in which the primes above £ are unramified. The Galois group Gal(L/A^) is a cyclic 
A^-module annihilated by be(X) := (1 + X) s (^ — ff 1 {£)£. 

Lemma 6.8. Let £ be a prime. If £ \ N or £2 (£) is not a p-power root of unity, then £ is 
unramified in L/F^. 

Let L un /Foo be the maximal unramified subextension of L/F^. Using Lemmas 6.7 and 
6.8 in combination with the theory of Fitting ideals, we will show Char A£ (Gal(L un /J 7 ’ 00 )) = 
(F(X, £^“ 1 )). With the main conjecture in hand, we conclude by determining the characteristic 
ideal of Gal(L/Foo). 

Lemma 6.12. Let A denote the image of Ag^ under the involution induced by X >-* u -1 (l + 
A) -1 — 1. Set Aq = A/X if the pair (9o,ipo) is exceptional, with Aq = A otherwise. Then 
Char A£ (Gal(L/F 00 )) = (A 0 ). 

1.2. Outline. In Section 2 we briefly recall notation and results from the theory of classical 
modular forms and their Hecke algebras that will be needed in subsequent sections. We then 
describe the construction of Hida’s universal ordinary Hecke algebra. 

In Section 3 we recall the definition of ordinary A-adic forms following Ohta [02]. After 
recording several well known results on the structure of the space of ordinary A-adic modular 
forms, we introduce A-adic Eisenstein series and prove several results pertaining to these forms. 
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In Section 4 we introduce the ordinary A-adic cuspidal group and the A-adic residue map. 
We then compute the image of A-adic Eisenstein series under this map. 

In Section 5 we prove our refinement of Hida’s duality theorem, and use this refinement to 
give a simple proof of the isomorphism 1 )a /Is,ip = A 

Finally, in Section 6 we will use the results of the previous section to extend Ohta’s proof of 
the Iwasawa main conjecture over Q. 

1.3. Notation and conventions. We fix embeddings Q —► Q p and Q —> C. Through these 
embeddings we may consider a Dirichlet character as taking values in C or Q p . For a field F, 
we set Gf = Gal(F/F). 

For a character y and any positive integer n, let X(n ) denote the (possibly imprimitive) 
character defined modulo lcm (M x ,n) that is induced from the character y. 

For all integers r ^ 1 we set U r = 1 + p r Z p . Note that u = 1 + p is a topological generator 
of U\. 

Finally, for a positive integer M we set 

We let N r = Np r and T r = T^Np^ c= SL 2 (Z). 

1.4. Acknowledgements. The author would like to thank Rornyar Sharifi for suggesting this 
problem, as well as his guidance, insight, and encouragement. 


^ 6 SL 2 (Z) : a,dm 1 (modM), c = 0 (modAf) 


2. Classical modular forms and Hida’s universal ordinary Hecke algebra 


Let k be a non-negative integer. For a positive integer r, we denote the space of holomorphic 
modular forms (resp., cusp forms) of weight k with respect to T r by Mk, r (resp., Sk , r )• The 
weight k action of a e GLj (K) on Mfc >r is defined by 

(/MOO = det {a) k/2 (cz + d)~ k f{a{z)) for a = ^ . 

To make the notation more compact, we will often omit the weight from the notation for this 
action. We identify each / 6 Mk, r with its unique ^-expansion and denote the n th coeffeicent 
of this expansion by a„(/). We set 

T4,r,z = M Kr n Z {qj 
Mk,r,0 = A4,r,Z <8>Z O 


with Sk, r ,i and Sk, r ,o defined analogously. 

We now recall the definition of Hecke operators in terms of double cosets. For any a e 
GLj (Q), the double coset Tj-aTj. = ]J i T r oti acts on Mk, r as follows: 

f\[T r aT r ] := 

i 

For all integers 1, we denote the operator associated to the double coset 


by T n . The operator T p will be of special significance, and we note that 


r 



P-1 


2 = 0 



r 
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For d e ( Z/N r Z) x we define the diamond operator (d) (resp., T d , d ) to be the operator- 
associated to the double coset T r adT r (resp., T r dadX r ), where ad e SL 2 (Z) satisfies 


ad 



(modiV r ). 


We extend the definition of these operators to all positive integers d by defining (dj = 0 = T d , d 
whenever gcd (d,Ni) > 1. Having done so, we can describe the action of T n on M k , r in terms 
of g-expansions: For all integers m ^ 0 and n ^ 1, 


»(/l Tn) = J] amn/d>(f\Td,d ) 

d\gcd(m,n) 


In addition to the operators T n , T d)d , and (d), we will also consider their adjoints T*, T* d , 
and (d}*, which are associated to the double cosets 


n 0 
0 1 


T r da d l T r and r r a d 1 r r , respectively. For future reference, we note that H* 
H = T n , T di d, or <d>, where 


Wm : (m 0 ) 


= w N l HwN r for 


for all positive integers M. 

We define Sjk,r (resp., f )k,r) to be the Z-subalgebra of End z(M k , r ) (resp., Endz (Sk,r)) gen¬ 
erated by the operators T n and T d , d for all integers n ^ 1 and d e (Z /N r Z) x . Set 


f)k,r,0 = fik,r <8>z O 
f )k,r,0 = f )k,r <8>Z O. 


It is well known that A'4 ri z and S k , r ,z are stable under the action of T n and T did [H2, §1]. 
Consequently, M kt r,z and Sk, r ,z are modules over $jk,r,o and l)k,r,o, respectively. 

We define $j* r and fi* r (resp., S)*. r 0 and f}* r0 ) analogously with respect to the adjoint 
operators T* and T f f d . 


2.1. Hida’s universal ordinary Hecke algebra. Let k ^ 2 and r Ss 1. Rather than consider 
the whole space Mk, r ,o-, we will primarily restrict our considerations to the maximal subspace 
on which the action of the Hecke operator T p is invertible. We project to this subspace using 
Hida’s idempotent associated to the operator T p , which we denote by e. We will also consider 
e* which is defined analogously with respect to the operator T*. 

The natural injections 


&Mk,r,0 eMk,r+l,0 
eSk,r,0 ^ eSk,r+l,0 

commute with the Hecke action. Therefore, if we restrict the operators of eSjk,r+i,o (resp., 
ef)fc,r+i,o) to the image of eM k , r ,o (resp., eS k , r ,o ) we obtain surjective (9-algbera homomor- 
phisms 


(2.1) eSjk,r+i,o -» eS)k,r,o 

(2.2) e\)k,r+l,0 -» ef)k,r,o- 


Definition 2.1 ([H3], (1.2)). The universal ordinary Hecke algebra (resp., universal ordinary 
cuspidal Hecke algebra) of level N over O is defined by 

£)a = limefffc.r.o (resp., f) A = lim et) k .r.o), 

r r 

where the projective limit is taken with respect to the above restriction maps. 
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Hida has shown that the above projective limits are isomorphic for all k > 2 [H3, Theorem 1.1], 
which is the reason we omit reference to the weight in the notation. We denote the operators 
corresponding to the projective limits of T n , Td,d, and (d) by the same symbols. 

Let 

= limZ/iVp r Z = (Z/iVZ) x Z p . 

r 

We identify (D[Z* N ] = 0[(Z/7VpZ) x ][[/iJ with 0[(Z/7VpZ) x ][X] through the isomorphism 
(2.3) t: OKZ/NpZr^U,} - 0[(Z/fVpZ) x ][X] 

induced by u >—► 1+X. The Hecke algebras and [)a have a natural 0[Z* ^j-algebra structure, 
in which any integer d £ ( Z/NpZ) x acts on f)A (resp., Iia) as Td,d- 

Proposition 2.2 ([02], Theorem 1.5.7). .Qa and [)a are free and finitely generated A-modules. 


We have the following commutative diagram 

eS)k,r+\,o - 

res 


e*S 


k,r+l,0 


res 


eSj k ,r,o — e*f)k,r,o 

where the horizontal maps are induced by T n >—> T* and the vertical maps are restriction (2.1). 
From these isomorphisms we construct the adjoint universal ordinary Hecke algebra We 
construct fy* analogously. 


3. Ordinary A-adic modular forms 


In this section we recall the definition of ordinary A-adic modular forms following Ohta [02]. 
We then introduce A-adic Eisenstein series and record several results pertaining to these forms. 

3.1. Ordinary A-adic modular forms. Denote the group of continuous Q -valued characters 
on Ui/U r by U\/U r , and define 

Ut = (J fh/U r . 

r^l 

We will always assume that the characters e £ U\ are primitive. For e £ U\ we define 
eM k , r ,o,e = {/ £ eM fc)T . )0 [ € ] : f\a a = e(a)f for all a £ U i}, 
where cr a £ Fi is a matrix satisfying 

(3.1) u a = (modp r ). 

We define Sk, r ,o,e analogously. 


Definition 3.1. An ordinary A-adic modular form (resp., cusp form) F of level N is a formal 
q-expansion 

00 

F = £ a n (F)(X)q n £ A[g] 

71 = 0 


such that 


Vk,e{F) 


^ a n (F)(e(u)u k 2 


71 = 0 


i )q 


is an element of eMk, r ,o t e (resp., eSk, r ,0,e ) for all k ^ 2 and e £ U\. Here the power of p 
appearing in the level N r is determined by ker(e) = U r . We denote the space of ordinary A-adic 
modular forms (resp., cusp forms) of level N by M\ (resp., S\). 
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The space of ordinary A-adic modular forms has a very nice structure which we now recall. 

Proposition 3.2 ([H4], §7.3 Theorem 1). The A-modules Ma and S\ are free and finitely 
generated. 

Proposition 3.3 ([02] Proposition 2.5.1, [01] Proposition 2.6.4). For each k > 2 and e e U\, 
let Pk,e := X — e(u)u k ~ 2 + 1. Then 

M\/Pk te M\ = eM ktT ^ 0 ,e 
SA/Pk,eSA = eSk,r.O,e- 

Corollary 3.4. We have 

Ma = M Zp j X j <8 >z p [a'] A 
Sa = S Zp [A] A 

In [01, §2.3] and [02, §2.2], Ohta shows that the space of ordinary A-adic modular forms 
is isomorphic to a projective system of classical modular forms. The latter has a natural 
module structure, and through this isomorphism M,\ is endowed with an f)A" m odule structure. 
In particular, for all F e Ma we have 

Vk,e{F\T n ) = Vk,e{F)\T n 
Vk,e(F\Td,d ) = Vk,e{F)\Td,d 

for all k > 2 and e £ U\. 

3.2. A-adic Eisenstein series. In this subsection we assume that O contains the values of 9 
and 'if. Let [•] : Z* —» U\ be the projection defined by [a] = ow(a) -1 , and let s : Z * —> Z p be 
the group homomorphism defined by [a] = u s ^. For a Dirichlet character ip with conductor 
not divisible by p 2 , set G(X,pui 2 ) = F(u~ 1 ( 1 + AT) -1 — l,pui 2 ). Note that 

G(e(u)u k ~ 2 — 1, pu) 2 ) = L p (l — k,(pco 2 e) = L(1 — k, (c/xu 2 ~ fc e)( p )), 

for all k 3 s 2 and e e Ui, where L(s, x) is the Dirichlet L-function associated to the character \ 
[02, (2.3.6)]. 

For all integers t ^ 1 we define the following formal series in A[g]: 



( 

( \ 

\ 


^(0 )G(X,9co 2 ) | ^ 

£ e(d)^)(i + xy^d 

q tn 


l 2 

, 0<d|n J 

V p\d ) 

/ 


We set i- 

Theorem 3.5 ([04] §1.4, [02] §2.4). The power series £g 0l ^ 0 -t is an element of Ma if the 
following conditions are satisfied: 

( 1 ) P\t 

(2) fef^t | Np 

(3) (U,p) = 1 

(4) {9 0 ik)(-l) = 1. 

For all k ^ 2 and e 6 U\, we have 

'Uk,e(£0o,tpo'd) = bd,ip{e{u)u " PjEkifOaCiV )(p), IpOi f); 
where Ek{(9Qeu> 2 ^ k )^ p pil}Q\t) is the classical p-stabilized Eisenstein series of weight k and level 
fefi>P r t/ gcd {fg,p) having Nebentypus 6*o^oew 2_fc . 

Furthermore, Ma ®a Q( A) is spanned over Q( A) by Sa and the set of Eisenstein series 
£e 0 ,ip 0 ;t satisfying the above conditions. 
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Proposition 3.6. Let Dg and be the largest square-free factors of Mg and M.,p , respectively, 
such that gcd (Dg,fgp) = 1 = gcd For all integers t ^ 1 roe have 

= X! a M(«)M(/3) 0 o(a)V , o(/3)(l + ^) s(a) ^e 0 ,V’o;a/3t 

cx\Dq 

fi\ 

where fi is the Mobius function. 

Proof. Suppose we have the following factorizations of Dq and 

Dg = P i • ■ • pm 
Dip = Pi ' ' ' Pm 1 i 

keeping in mind that the sets {pi,... ,p m } and {p[,... ,p ' m ,} may not be disjoint. To simplify 
the notation a bit, for 1 < * < m and 1 < j < m! define 

° (i) = 

f (j) = '••(//,-/-')• 

with 9^ = 9q and = ipo- We begin by considering the non-constant terms of t- For 
all 1 and 1 < i < m 

dnt.(£gO-i) ,ip;t) a nt (£g0) ) = Pi^o(Pi)(l T X) ^ ^ a n t(£g(i-i) , 

which gives us the recursive identity 

&nt{£g(.i) = T Pitl(Pi)6o (Pi) (1 T X) a n t (£g(i-l) rf-ptf ) ■ 

From this identity, we obtain 

^nt(,£d,ip\t) otji[cx)6o (o)(1 + A) ^ ^a n tf£g 0 ,T[>-od)• 

a\Dg 

Next we note that for 1 < j < ml we have 

a nt{£g 0 ,ipU-i) -at) a nt{£g 0 l il)ti)-at) = ifoip j) a nt{£g 0 ,ij)ti-i) ^atp'^ ■ 

Applying the same recursive argument as above we obtain the desired result for the non-constant 
coefficients. 

Finally, by considering the Euler factor expansion of the Kubota-Leopoldt p-adic L-function, 
we have 

G{X,0uj 2 ) = I ^ ap(a)6 0 (a)(l + X) s ^ I • G(X, (0 W 2 ) O ), 

\a\D e J 

and the result follows by noting that 

ix« = {; d d ::\ ■ 

P\Dn 1 * 

□ 

The following corollary is an immediate consequence of Proposition 3.6 and Theorem 3.5. 

Corollary 3.7. The power series £g,ip-t is an element of if the following conditions are 
satisfied: 

( 1 ) P\t 

(2) MgM^,t | Np 

(3) (Af*,p) = 1 

(4) (floV’oX-l) = I- 



10 


MATTHEW J. LAFFERTY 


It is well known that A-adic Eisenstein series are Hecke eigenforms. We recall the following 
results due to Ohta regarding their eigenvalues. 

Proposition 3.8 ([04], Lemma 1.4.8). Suppose £e,^-t e Af a. Then 

(i) £e,ii>;t\Td,d = (df>)(d)( 1 + -A) s(d ) . £ 0 ^. t (integers d > 0 prime to Np) 

( ii ) £o^t\(d) = (9if)(d) ■ £e,ip-,t (integers d > 0 prime to Np) 

(Hi) £e,j,-,t\Tt = (6(t)i(l + X) sW + ip(£)) ■ £ g ^. t (primes £ \ Np) 

(iv) £e^-t\Tp = ^(p)-£e,^ ; t 

If MgM^f, = N or Np (consequently t = 1), identity (Hi) holds for all primes I # p. 

Lemma 3.9 ([04], Lemma 1.4.9). Suppose Se^^ti G A/a for i = 1,2. The Ti-eigenvalues of 
£<)i,il>i;ti and £e 2 ,i/j 2 -t 2 are congruent modulo m = (n, X) for all primes l \ Np if and only if at 
least one of the following conditions is satisfied: 

(1) (0i)o = (# 2)0 (mod 7 r) and (V’i)o = (^ 2)0 (modir), 

( 2 ) ( 6 * 1)0 s (^ 2 w _1 )o (mod 7 r) and (V’i)o = ( 6 » 2 w ) 0 (mod 7 r). 
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For any two coprime integers M\ and M 2 satisfying M = Mi M 2 , there are bijections 

r 1 (M)\SL 2 (Z)/3 00 A m /{± 1} (A Ml xA M2 )/{± 1 } 

induced by the maps 


( a l \) 

1 —>• 

a 

- 

a 


a 

\c d I 


c 

M \ 

c 

Mi 

c 

\ / 






M 2 y 

Unfortunately, this decomposition does not hold with respect to Cm, that is, in general 
{A Ml x A M2 )/{±1} ^ (A Ml /{±l}) x (Am 2 /{±1}). 

For this reason we will often work directly with Am and then reduce modulo { + 1} to obtain 
an element of Cm- 

Finally, for a ring R, let R[Am] denote the free /7-module generated by Am- By the decom¬ 
position above, we have 

R[Am] = r[a Mi \®r r[a M2 ]- 

We then define R[Cm\ as the quotient of R[Am] by the /7-submodule generated by the set 
{a - (—l)a : a e A M }- 


4.1.2. Hecke operators acting on cuspidal groups. Let r ^ 1. To simplify the notation a bit, 
set A r = Apf r and C r = Cn t ■ In this section we will consider the action of Hecke operators on 
Q[A r \ and 0[C r ]. 

Let n > 1. Recall that the Hecke operator T n was defined in terms of the double coset 


rv 



IJ r r ai- 

i 


We define the action of T n on 0[H,.] by 
(4.1) T n \l 




Similarly, for any d e (Z/iV r Z) x we define 


<■ d > 


a 


d'a 

c 

N r 

dc 


where d' is an integer such that dd' = 1 (mod/V r )- From the definition we see that the 
action of (Z /N r Z) x = (Z/iVZ) x x (Z/p r Z) x via the diamond operator is compatible with the 
decomposition A r = An x A p r. 

We remark that our notation for the operator defined by (4.1) differs from that of Ohta 
in [02] and [04], where this operator is denoted by T*. The reason for this difference in 
notation stems from the fact that Ohta identifies the cuspidal group 0[C r ] with its dual group 
Hom(0[(7 r ], O) via the perfect pairing 


0[C r ] x 0[C r \ -> O 



2 a c b c- 
ceCr 


One can show that under this identification the action of the adjoint operator T* is given by 
the double coset defining T n [02, Proposition 3.4.12]. 

The above operators induce operators on 0[C r ] via the projection mapping 0[A r ] -» 0[CV], 
which we will denote by the same symbols. Set H° rd = eA r and C° rd = eC r . 


Proposition 4.1 ([02] Prop. 4.3.4, [04] (2.2.3)). Let 


D r 


a 

c 


N r 


E A r p 
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Then C>[A° rd ] s 0[A r \/0[D r ]. 


Consider the set 


= 


l( 

a 


0 

ll 

c 

? 

N 

w(c)_ 


_ 0 <c< Np, gcd (c,p) = 1 
r ' 0 ^ a < gcd(AT, c) 


Proposition 4.2. {a G A r : ea / 0} = {cr 7 a : 7 G Ui/U r , a £ A d }. 


Proof. From the definition of A° r it is clear that the elements of { 07 a : 7 G U\/U r , 0 G A° r } 
are distinct. Furthermore, by Proposition 4.1 and the fact that Hida’s idempotent e commutes 
with diamond operators, we know that 


{cx 7 a : 7 g Ui/Ur, a g A° r } c {a g A r : ea ¥= 0}. 


Let a G A r with ea ¥= 0. Then once again by Proposition 4.1 we know 



where <J[ C ] is as defined in (3.1). 


We define C A = A° r /{± 1}. 


□ 


4.1.3. The ordinary A-adic cuspidal group. For all s ^ r ^ 1, the map 



induces a surjection 0[C° rd ] = 0[Ui/U s ][C A ] -» 0[Ui/U r ][C A ] = 0[C° lA \. Furthermore, from 
Subsection 4.1.2 we see that the Hecke action commutes with these surjections. We define the 
A-adic cuspidal group by 

C A = limO[C'° rd ] = lhn 0[Ui/U r ][C^\. 

r^l r^l 


From its definition we see that C A is a l^A-module. 


4.2. Residues of A-adic Eisenstein series. For the remainder of this section we will assume 
that O contains the values of 9 and if. Let O 0 0 denote the ring of integers of a complete subfield 
of C p containing all roots of unity. We set Aoo = Goo [A - ]. 

In [04], Ohta constructs the following exact sequence of -modules 

0 -► s Aao -> M Aoo -5^ c A(X) -* 0 , 

where ResA is the A-adic residue map of level N, defined explicitly by 


ResA(-F) = lhn 


ceC r 


Res c (u 2>£ (F)|T; 

\eeUi/U r 


\W 


-It 

N r 


• ec 


with Res c (/) denoting the residue of the differential w/ = /y at the cusp c. Our primary goal 
for the remainder of this section is to prove the following proposition. 


Proposition 4.3. Suppose £e 0 ,ip 0 ;t £ M A . Then 

Res A (£ou ,7oy) 

for an explicitly determined cg 0 ^ 0 -t £ C A with ee 0 ,il>o\t f hiCa- We set cg 0t ^p 0 = ce 0 ,ip 0 -,i- 
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Let us determine exactly what computing this residue will entail. To simplify notation set 


E 2 {e\t) = v 2 ,e(£d 0 ^o ;t) = de,i>(e(u) - 1) ■ E 2 ((0 o e)( p ),ip O ',t) 

with E 2 (e) := E 2 (e;l). Using the fact that E 2 (e;t) is a T p -eigenform with eigenvalue ifo(p), 
and E 2 (e;t)\w^ 1 r = (1 /t) • E 2 (e)\w~^ t , we have 


ResA^o.V’o;*) 


lim 

r^l 


(p) r 

tp r ~ 1 

V 


Y ReSc { E ^ e )\ W N r /t) 

ceCr 

eeU\/U r 


\ 

• ec 

/ 


Because the above sum is over those cusps c G C r satisfying ec ¥= 0, Proposition 4.2 tells us that 
the above can be written as 


f 


\ 


lim 

r^l 


•00 (?) T 
tp r ~ 1 


Y e 1 W • Res ^ w> ./dc) (^(e)) • (cr 7 • ec) 
ceC“ 


eeC/i/U r I 

'y€Ul/Ur ) 


where we have used the fact that diamond operators commute with the idempotent e, and 
the identity // t \ a ~t = /l CT 7 1 l ty jvi/t h°lds for all / 6 M 2 (ri(A f r ./t))c p - Our task is then to 
determine the residue of E 2 (e) at the cusps Wjv r /t(c) for c e C°. The following definition and 
proposition give us a simple means of doing so. 


Definition 4.4. Let 7 e SL 2 (Z) correspond to the cusp c e C r . The minimal choice ofW>0 
such that 


1 W 
0 1 


g 7 1 r r 7 


is called the width of the cusp c. 


Proposition 4.5 ([02], Section 4.5). Let T be a congruence subgroup of SL 2 (Z) and let f e 
M 2 (T). Then Res c (/) = W c ■ ao(/| c ), where W c denotes the width of the cusp c and ao(/| c ) is 
the constant term of f at c. 


In Subsection 4.2.1 we will compute the constant term of E 2 (e) at the cusp w Nr / t ( c) for all 
c e Cy. We will then determine the width of these cusps in Subsection 4.2.2. In Subsection 
4.2.3 we will put all of this together to prove Proposition 4.3. Finally, in Subsection 4.2.4 we 
will consider the image of Eisenstein series associated to imprimitive characters. 


4.2.1. The constant term of Eisenstein series at the cusps. For this subsection we fix an e G U\ 
and define r > 1 to be the integer satisfying ker(e) = U r . We begin by recalling the following 
result due to Ohta. 


Proposition 4.6 ([04], Prop. 2.5.5, Cor. 2.5.7). Let c G C r with 


c = 
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If fe 0 e I c > then the constant term of E 2 (e) at the cusp c is given by 

( \ 

• n (1 - (^mr 2 ) L p (-l,^e) 

l\fe.U 

where g(\) is the Gauss sum of the character X- If /e 0 « t c > then the constant term is 0. 

Let N = fgPQt , where fg = fg/ gcd (fg,p) and 

P : = n ^ord e (N/fet) 
i\H 

t prime 


Let c £ C2 with 


By the definition of C/, we know that 0 < a < gcd(N,c) and 0 < c < N\ with gcd(c, ap) = 1. 
The cusp we are interested in is u>jv r /t(c), which is given by 


~ -c/a y 

—c/A 

_aN r /At_ Nr 

afgPQp 1 " / A 


where A := gcd(aN r /t, c) = gcd (fgPQ,c). By Proposition 4.6, in order for the constant term 
of E 2 (e) to be non-zero at the cusp u>jv r /t( c )) the following conditions must be satisfied: 

(1) fg oe I afgPQp r /A 

(2) V-o (afgPQp r /fge a) # 0. 

(3) (floer 1 (c/A) / 0. 

We want to unravel these conditions in order to get characterizations of a, c and A. Let 
us begin with A. Note that since fg e = fgp r and gcd (c,ap) = 1, condition (1) is equivalent to 
A | PQ. Furthermore, by expanding condition (2), 


we see that we must also have P | A. Hence, A = PcIq for some (Iq \ Q. 

Next we consider c. First we write c = gcd(iV, c) • x for some x satisfying 0 < x < 
A r i/gcd(A r ,c) with gcd{x,N\/gc&{N,c)) = 1. The quotient gcd(A,c)/A = gcd (N,c)/PcIq 
must be a factor of t , which we denote by d t . Then c = dtdqPx. Moreover, by condition (3) 
the quotient c/A = dtX must be prime to fgp. Since gcd (x,fgp) \ gcd(x, Ni/Pdqdt) = 1, we 
must have gcd (dt, fgp) = 1. 

Finally, we consider a. By definition we know that 0 ^ a < PdtdQ. Furthermore, we have 
gcd(a, Pd t do) \ gcd(a, Pd t dQy) = gcd(a, c) = 1. 

Putting all of this together, we see that if the constant term of ^(e) is to be non-zero at 
w N r /ti c )> the cusp c e C° can be written as 

V 0 

d t d Q Px\ N ’ [io(d t d Q Px) 




where 
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(1) dt | t and d Q \ Q with gcd {d t , f e p) = 1, 

(2) 0 < x < Ni/dtdQP with gcd(x, Ni/d t dQP) = 1 , 

(3) 0 < y < d t d Q P with gcd(y 1 d t d Q Px) = 1. 

To simplify subsequent notation, we will denote the set of tuples ( dt,dQ,x,y ) satisfying the 
above conditions for a given t by 

Having characterized the cusps in at which the constant term of the Eisenstein series 
.E 2 (e) can be non-trivial, we will now use Proposition 4.6 to determine the constant term of 
E^ie) at these cusps. 

Lemma 4.7. Suppose 9 = > w dh p { M x . Let t ^ 1 be coprime to p with fefi/>t \ Np. If 

ceC° is the cusp associated to the tuple {dt.dQ^x,])) e 5?t by (4.2), then the constant term of 
E 2 {e) at w Nr / t { c) is 
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where we are using the fact that (0oV’o)( — 1) = 1 = e(—1). Putting all of this together, we see 
that the first half of (4.3) can be written as 


C ■ e 


( h 


\fsdtx 


■ 9 0 l {d t x) ■ 4> 0 


f yQp r 
\ d Q 


where 


1 . ^o) 

2 gixo 1 ) 




2 


is a p-adic unit in some finite cyclotomic extension of that depends only on 9o and 'ipo- 
Finally, since fg € U = fef^p r and = f^p r , we have {l prime : l \ fg e fa, i \ /e e } = 
{£ prime : £ \ feU,i\ f(} □ 


4.2.2. Width of the cusps. In this subsection we would like to determine the width of the cusp 
w Nr / t (c), where c is associated to the tuple (dt,dQ,x,y) e S*t, be. 


c = 


y 

dtdcjPx 


N r 


Let 7 e SL 2 (Z) correspond to M7v r /t( c )> that is, 


7 = 


/ -d t x 


\yfeQp r /d Q *J ' 


Let W be the width of the cusp w Nr u(c). Then by definition 


- d t x ( u *S sL ) w * 

-m a w i+d tx (^) W/ 


= 7 


1 W 
0 1 


7 _1 e r r . 


Therefore, we must have 

( yfeQp 


d t x 


W = 0 (mod IV,,) and 


V d Q 

However, since 7 e SL 2 (Z) it must be the case that 


^ yfeQp r ' S j w = 0 (mod N r ). 


gcd 


( d t x, 


yfeQp r 

dQ 


= 1 , 


which implies 


f yfeQp r 
\ d Q 


W = 0 (mod .V,.). 


The smallest value of W satisfying the above congruence is W = td,QP/gcd(y,t), which is a 
p-adic unit dependent on the cusp c. 


4.2.3. Proof of Proposition 4-3- Recall that the level r ^ 1 component of the projective limit 
defining ResA(£e 0 ,^ 0 ;t) is given by 

(4-4) ^fr -1 Z e_1 ( 7 )R-es WNr/t(c) (F; 2 (e))(cr 7 -ec). 

P ceC“ 

eeUi/Ur 
7 SUl/Ur 
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By Proposition 4.5, the above residue is the product of the constant term of E 2 {e) at the cusp 
w N r /t{ c ) and the width of this cusp. In Subsection 4.2.1 it was shown that the constant term 
of E 2 (e) at the cusp WM r /t{ c) for c e C,J? is zero unless c is of the form 

c x ' y ■= ( y ^ ^ 

r ’ dt<dQ ' \[d t d Q Px\ N , [uj(dtdQPx)\ p7 .J 

for some tuple ( d t ,d,Q,x,y ) e <5^. Therefore, (4.4) can be written as 

(4 - 5) TFT- £_ )(iS2( e )) 

C€U 1 /U r 

7eC/i/U r 

(d t ,d Q ,x,y)£S , ’ t 

By Lemma 4.7, the constant term of E 2 (e) at the cusp WN r /t ( c r,X d Q ) 

c 6 ijjkx) e o 1 ( dtx ) s <>A e ( u )-!) n a-^- 1 )^- 2 ) Lpi- 1 ^2 l t) 

^ I fe 

\ nu ) 

where C is a p-adic unit depending only on 9q and ipo. Furthermore, in subsection 4.2.2 we 
showed that the width of the cusp w Nr / t (c x ’ dtdQ ) is tdQP/gcd(y, t). Therefore, (4.5) can be 
written as 

(4.8) CP Yi —^TT^O 


— Y e 1 W e - 


eelh/Ur 

ieUi/Ur 




where 


£ e := ^(e(u)-l) [] (1 - (Ze-'mr 2 ) L p (- 


e\ feU 
. t\h 


For each tuple (d t , dQ,x, y) e define 


C V dt , dQ = S ^ 


If A e A*, we have 


A • z x ’ v d d = lim - T 

GO ,at,CLy <- 'n r ~ 1 


Y e 1 (7)A(e(w)-l)((7 7 -ec^ tirfQ ) . 


eeC/i/U r 

-yeUi/Ur 


(cf. e.g. proof of [01, Lemma 2.4.2]). Noting that 


A e ^{e{u)~ 1) = C t and c ( u )-(-A/A**) = e 


for all eePi, we have 


{1 + X y(-f°/f^.A e , i ,-C y dttd 
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= lim 


— E e X W £ - 


, eelh/Ur 

\ jelh/U r 


fcd t x 


' K' V d t ,dQ 


Putting this together with (4.6) we see that 


\ 

/ 


Res A {Sg fi * £0o,0o;* 


where 


£ 00 ,- 00 ;* • CP 



(d t ,dQ,x,y)€^ t 


. (1 4 . X) a (~fo/fz d t x ) 
gcd (y,t) 



6 0 1 {d t x ) • e 


x,y 

CO,d t ,d Q ■ 


All that remains to be shown is that £e 0 ,bo;* $ ttiCa- To see this, note that the cusps e^ y dt 
are distinct for all tuples ( dt,d,Q,x,y ) G J?* and 


cp d Q -(i + xy(-f°/P d ^ 

gcd {y, t ) 



6^\d t x) g A x . 


4.2.4. Residue of Eisenstein series associated to imprimitive characters. Using Propositions 
4.3 and 3.6, we can determine the image of A-adic Eisenstein series associated to imprimitive 
characters under the A-adic residue map. 


Theorem 4.8. Suppose e A/a. Then 

PesA(^*0,'0;t) 


where 

£0,0;* := J] Q / x ( a )A i (/ 3 ) 0 o(a)V’o(/3)(l + ^) s(a) • C0 o ,0o;a/3* e Ca- 

Ql\Dq 
P\ D i> 

Furthermore, tg , 0 ;t £ mC A . 


Proof. That the image of Se^t under the A-adic residue map is given by the above sum is an 
immediate consequence of Propositions 4.3 and 3.6. To show c g^. t f itiCa we first note that, 




^ ad Qf i(a)p(m + ( y Q\ 

c -is(U0o- Hx) 

Dtp 

(d t ,dQ,x,y)e<5 fi a p t 


d 0 1 {d t x) ■ c 


x,y 

co,d t ,d Q 


(despite the notation, the integer Q is dependent on a and /?). Recall that the cusps c^ y d( dq 
are distinct for all tuples (d t , dQ,x, y) G S^t- Let D 0 denote the largest factor of DgD^t that is 
prime to fgp. Then the coefficient of D 1 in the above sum is given by 

CPDgn(D 9 )riDi,) • MQWo'W ■ (1 + e A x . 


□ 


5. Hida duality 

The main result of this section will be a refinement of Hida’s duality theorem. In order to 
state this refinement we must first use the results of the previous section to construct elements 
of A/a arising from congruences between A-adic Eisenstein series and ordinary A-adic cusp 
forms. 

Theorem 5.1 ([H4], §7.3 Theorem 5). We have a perfect pairing of A-modules 

•Sa x f) A —► A : (F, H) >—► ai(F\H) 
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Proposition 5.2. Suppose Sg^-t £ A/a ■ Then A 00 (ee,^ ; t) is a free A^-module. 

Proof. If A • c g^. t = 0 for some A e Awe would have A • Sg^-t. £ Saooj a contradiction. □ 

Proposition 5.3 ([03], Lemma 2.1.1). The Z P [AT]|- algebra A m is faithfully flat. 

Using Propositions 5.2 and 5.3 along with Corollary 3.4, we see that there exists an F e M\ 
mapping to cg^-t under the A-adic residue map. We will now construct a canonical element of 
A/a with this property. By Proposition 3.2, we know that S\ is a free and finitely generated 
A-module. Let {F\,..., F s } be a A-basis for Sa- By Theorem 5.1, we know that f) a has a 
A-basis {B \,..., B s ] satisfying 

mf.ib,) = {; 

For each i, let 51; be any element of Ija that projects to /?,; under the surjection Ija f) a - 
Definition 5.4. Let F e A/a be any element satisfying ResA(-F) = cg,if>;t, and define 

S 

Tg^t = F — ^ a 1 (F|*Bj)F;. 

i =1 


Because any two elements of A/a mapping to tg^-t will differ by a cusp form, our definition of 
J T g t $-t is independent of our choice of F. 

Next, we record several properties of the form Fg^. t . First we note that Fg^. t f mAf a by 
Theorem 4.8. Next, note that KesA(Ag^,Fg^ ; t — Sg^-t) = 0, which implies 

( 5 - 1 ) Tg^-t = -— 

Ag^ 

for a unique Gg^-t £ S\. In fact, we can describe Ge^-t explicitly. By construction we have 

S 

a^Fg^tl^j) = = 0 

i= 1 

for 1 < j ^ s. Therefore, by (5.1) we have 

m 

Gg,i/j-t = y ai(Tg,jir,t\^i)Fj. 

i =1 

We can say even more about the Hecke action on Fg^-t- Since ResA is a IjA-niodule homo¬ 
morphism, (5.1) and Proposition 3.8 imply that for all primes l \ N, 


Fg^-t\Ti 


(mn 1 + X) S{1) + W)) ■ Few + Fe £]Np 

i/j(£) ■ Fg^-t + F e £ = p 


where /y e Sa and the subscript denotes the fact that this cusp form may depend on l. 

With the forms Fg^t in hand, we are now ready to state the main result of this section. 
For any A-module A/, we set Mq^a) = A/ <S)a Q( A) and denote the A-dual of A/ by A/ v . 


Theorem 5.5. Let V be a free A-submodule of A/a that contains Sa and is stable under the 
action of S) a- Then 

r<3(A) = (.Tgi,ipi;tii ■ ■ ■ > Tg rn ^ rrl .t m , Fi,... , Fs)q(a) 
where the Eisenstein series Sg^^-ti £ A/a are distinct. Define fj(V) to be the A-subalgebra of 
EndA(V) generated by the Hecke operators {T n : n 3 s 1} and recall that 

V 0 := {F e Vq( A ) : a n (F) e A for all n 3= 1}. 

If the following conditions are satisfied for all integers i and j with 1 ^ i < j < m: 

(i) (Oi )o # (0j)o (mod7r) or (ipi) 0 # (ipj )o (mod7r), 
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(ii) ( 0 »)o # (ipjU x )o (mod 7 r) or (^»)o # ( 6^)0 (mod 7 r), 
i/ien we have V 0 = > • • •, Fe m ,ip m -,t m , A, ■ • •, F s ) A <= M A and the pairing 

V 0 x ,f)(V) —*• A : (F,H) i—► ai(F\H) 

is perfect. 


Proof. That the pairing is perfect follows from a well known argument of Hida ([H4, §7.3, 
Theorem 5]), so we will restrict our efforts to proving the above characterization of Vo- Clearly 

• ■ • ) •Fs m ,iji rn ;t 1 F\i ■ ■ ■ > Ff)\ Vo- 

Suppose F G Vq. Then F can be written as 


F 


771 p. s pr 

S + E q 7 Fi 


7=1 


for some P t ,Qi , P-, Q\ G A with gcd(Pj, Qf) = 1 = gcd(P/, Q') and Q*, Q' / 0. Let 1 sS j < m. 
By (*), (ii), and Lemma 3.9, for each i # j with 1 < * ^ m, there exists a prime £i \ Np such 
that 

1 + x Y (ti) ~ W)) - (W^(l + x Y (ti) - Yi(Y)) e A* 

Define 

771 771 

h j = Y\T h - + £ P) Am b) A (£0i,bi;ii)- 

7=1 7=1 


Then Fg^-t^Hj <= S\ if i ¥= j, while Fg^^-tjlHj = l jFg^vy.i, + Fj for some Fj e Fa and 
Uj G A x . Therefore, 


m- 


p. s p// 

+ E 7y7^’ 

1 7 ./ i=1 ‘ 7 , 


where P",Q'[ e A with gcd(P",Q") = 1 and Q" # 0. Furthermore, since Vo is stable under 
the action of f) A , for 1 ^ i < s we have Pf/Q " = ai(F\Hj\ < B i ) G A. This implies that 
Qj | a n (Fe j ^ j . tj ) for all n ^ 1. Since Fe } ,^ 3 - tj f mM A , if ifj # 1 it must be the case Qj g A x . 
Suppose ipj = 1 and Qj f A x . Then aop^^jt,) g A x , while a n (Fg j: ^ j . tj ) g m for all n > 1. 
Furthermore, we know that for all n ^ 1, 


0’np(Fdj,ipj;tj) (F$j ]tj \Fp) Cl n (Fg ^ ,t/jj-tj) T O n (F p ) 

for some F p G S A . Since G m for all n ^ 1, it must be the case that a n (F p ) G m for 

all n ^ 1 as well. We will now show that such a form cannot exist. 

By the ^-expansion map, we have an embedding, 

00 

® M^rOo ^ <I%], 

k=0 

[H2, §1]. Let us denote the image of this map by Mqq. It is well known that there is a natural 
action of T p that preserves the space [H2, §1]. Specifically, if f e M^ with 

CO 

/ = E /* c <%J 

k =0 


f\T P 


E fk\T p <= Olqj. 

k =0 


where f k G M fe (Fi) 0 , then 
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Let 


h = V2,t(J 7 e j ^;t j )£M 2 (Np)°S d 

fo = e M 0 (Np)c>. 

We know that /o = / 2 (mod7r). Furthermore, since the Hecke action commutes with the 
specialization map v 2 ,i, we know that 

h\T p = V 2 ,i{Te j ^ j -tj\T p ) = ,f 2 +V 2 ,i{F p ) =/ 2 (modir). 

Hence, 


(p-l)/o =i r P/ 0-/2 =tt fo\T p -fo\T p = 7 r (/o-/ 2 )|Tp = 0 (mod7r). 

However, (p — l)/o e O x , which gives us our contradiction. Hence, Qj e A x . Since j was 
arbitrary, we have the result. □ 


5.1. Universal ordinary cuspidal Hecke algebra modulo Eisenstein ideal. For this 
subsection we suppose £g^ e M\. Furthermore, we assume that MgM^ = N or Np, making 
£$ t ,p a normalized common eigenform for Sj a- 

Proposition 5.6. Let Ig^ denote the image of Ann^^e^) in [)a- Then we have the following 
isomorphism of A-algebras 

= A/^Ag.pf). 


Proof. Let Qg^ be the cusp form associated to the Eisenstein series £g^ by (5.1). Consider the 
map b a —» A /(Ag^) defined by 

(5.2) H i-> a 1 (Qg^\H) (modA^). 


Note that a\(Qg^\H) = ai(£g^\H) (mod Ag^) for any lift H of H to Ha- From this congruence 
and the fact that £g.rp is a normalized common eigenform for Ija, we know that the map (5.2) 
is a surjective A-algebra homomorphism. Furthermore, it is clear that Ig^ is contained in the 
kernel of this map. 

Suppose H lies in the kernel. Then a\(£g^\H) 6 (Ag^), where H is any lift of H to Ha- By 
Theorem 5.5 we know that there exists a Hecke operator 23o 6 Ha such that ai(^ 7 6i ! ^|lBo) = 1 
with ai(F|53o) = 0 for all F e «Sa- This implies ai(£0,^|93o) = Ag^. Set 


H' 


ff _ ax{£e^\H) ^ 


Ag 




Then by construction H' 6 Ann s) K {£g,ip) and H' >-> H under the natural projection S )a -» 
tlA- □ 


6. ElCHLER-SHIMURA COHOMOLOGY GROUPS AND THE IWASAWA MAIN CONJECTURE 

Set O = Z P \0,ip\. For this section we will assume that £g,^ e M\ with MgM.p = N or Np 
and Ag t% j, f A x . We assume the former so that £g.ip is a normalized common eigenform for .f)A> 
while the latter is assumed to ensure 1 )a A Id,i>- hr this section we will use the isomorphism 
flA/Afl,^ = A /{Ag^) to extend Otha’s proof of the Iwasawa main conjecture over Q. We begin 
by introducing the p-adic Eichler-Shimura cohomology groups and their basic properties. 

Let X\{N r ) denote the canonical model of r r \H* (H* :=iuQu {°°}) over Q in which the 
cusp at infinity is Q-rational. 

Definition 6.1. The p-adic Eichler-Shimura cohomology group of level N is defined to be 
T = ^hmiLj t (X 1 (Atp r ) (g)Q Q, Z p ) ord ^ <§)z p 0 

where the projective limit is taken with respect to the trace mappings of etale cohomology groups. 
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There are natural actions of Gq and [) A on 7”, and these actions commute with one another. 
Furthermore, 7 q( A ) is a free ^Q(A) -module of rank 2 , where ^Q(A) ^ ®a Q( A) [ 02 , Lemma 

5.1.2]. Therefore, we have a Galois representation p : Gq — ► GL 2 (tig^ A j), and one can show 
that this representation satisfies the usual Eichler-Shimura relations [02, Theorem 5.1.5]: If 
i \ Np is a prime and G Gq is a geometric Frobenius at £, we have 

det(l - p{$ t )X) = 1 -T/X + fT^X 2 . 

Let Xp '■ Oq —► Z* denote the p-adic cyclotomic character. Then for all primes £ { Np, 
we have Xpi^i) = 7 _1 while l(£) acts on as multiplication by T* t This implies that 
det(p($*)) = x P (^/) - 1 t(Xp($/)) -1 . which in turn implies det(p(cr)) = XpWVXpM -1 ) for 
all a G Gq by the Cebotarev density theorem. 


6.1. The method of Kurihara and Harder-Pink. In this section we employ the method 
of Kurihara [Ku] and Harder-Pink [HP] to construct an abelian pro-p extension L/F ,1 from the 
representation p. 


Proposition 6.2 ([03], Corollary 1.3.8). We have the following exact sequence of ^-modules: 
0 -* T+ -* T -* T/T+ -- 0 . 


where 7+ ;= T Ip . Furthermore, a G I p acts on T /7+ by Xp( a ) MXp) 17 )) 1 - 

Let do G I p be an element satisfying cro(C) = C 1+p = C“ for ad primitive p-power roots of 
unity C e Q- Then the action of op on the quotient T/7+ is given by w -1 (l + X) -1 , Set 
S = m _ 1 (1 + X) -1 — 1 and define 

T- = {x G T : (Jo • x = (S + l)x} . 

Since the action of Gq p commutes with the action of b A , we know that 71 is an f) A -module. 
For a A-module M, we set Ms = M <S)a A},!? -1 ]. One can show that 7s is a direct sum of the 
f]* ^-modules 71 ,s and 7+,s- 

Proposition 6.3 ([02], Lemma 5.1.3.). 71,q( A )> T + ,q(A) are free 1)q ( A )-modules of rank 1. 


Fixing 1 )q( A )- bases for 71 .q( A ) and 7 +,q(a) (in that order), we write 


P(<r) 


(a{a) b(a)\ 

^c(cr) d{a)J’ 


Let B and C denote the f) A ^-submodules of ^Q(A) generated by the sets {b(a) : a e Gq} and 
{c(ct) : (J G Gq}, respectively. 


Proposition 6.4 ([04], Lemma 3.3.6.). B and C are faithful s -modules. 


Let X* denote the image of X := Xg^ := AmiQ A (Sg.yf) under the natural isomorphism induced 
by H 1 * H*. For later reference, we note that X* is the ideal of generated by 


( 6 . 1 ) 

TS td -m(d)(i + xyw 

integers d > 0 prime to Np 

( 6 . 2 ) 

T* - 9(£)£(1 + xy w - if{£) 

primes £ ¥= p 

(6.3) 




Let I* denote the image of X* in and define the map p by 


(J G Gq 

where the bar indicates reduction modulo Ig. 
Galois representation. 


a(a) b(a) \ 

0 d(a) J ’ 

As the next proposition shows, this map is a 
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Proposition 6.5 ([03], Lemma 3.3.5). For any a,r e Gq we have a(a), d(a), b(a)c(r) el)J s 
with 


a{a) = 9p—2^<j) ^([XpW]) 1 (mod/J) 

d((j) = ifo(a)- 1 (mod J|) 
b(a)c(r) = 0 (mod/J). 

We now use the representation p to construct our abelian pro-p extension of Fqq. Set 

F 0 : = the field corresponding to {er e Gq : a(a) = 1 = d(a)} 

Lq := the field corresponding to ker(p), 

L '■= LqFqq 

Then we have an injection of abelian groups 

Gal(F 0 /F 0 ) B/I* S B : a ~b(a). 

Clearly L 0 /F 0 is abelian, and the fact that B/IgB is a finitely generated A-module implies that 
Gal(L 0 /F 0 ) is pro-p. By Proposition 6.5 we see that F c= F 0 <= F ' x . Considering the definition 
of p, we see that Lq/Fq is unramified at p. However, we know F^/F is totally ramified at p , 
which implies L 0 n F[» = F 0 . Therefore, Gal(Fo/Fo) = Gal(Fo/-bo n F®) = Gal(F/Foo), and 
we see that L/F, (o is an abelian pro-p extension. 

6.2. An isomorphism of the Iwasawa modules. The isomorphism between Gal(L/F rj ) and 
Gal(Fo/Fo) implies that we have an injection 

(6.4) Gal(F/Foo) — B/I* S B. 

In this subsection, we will show this injection induces an isomorphism of Iwasawa modules. 

Recall that Gal(Foo/Q) = A x T acts on Gal(F/Foo) by conjugation, and the fact that the 
extension L/F^ is abelian and pro-p implies Gal(F/Foo) is a module over the Iwasawa algebra 
Z p [A][r], We want to identify Z p [A][T] with Z p [A][A] in a particular way. Recall that there 
is a natural isomorphism U\ = Z P = T = Gal(Foo/F). Let 7 o e T correspond to u e Ui. Then 
7 o is a topological generator of T and [Xp(7o)] = u. We then identify Z p [A][T] with Z p [A][A] 
by 

7o [Xp(7o)] = u 1+X. 

With the above identificiation, one can show by direct computation that the Z p [A][A] action 
on Gal(F/Foo) commutes with the injection (6.4) as follows [02, §5.3]: for cr e Gal(F/Foo) and 
S g A we have 


6 ■ a i—► £i(<5) • b(a) 

X ■ a >—> S ■ b(a). 

Consequently, Gal(F/Foo) is a Aj-module on which A acts via £i. 

Let (B/IgB)^ denote the A [A -1 ] -module obtained from B/IgB by twisting the A[S' -1 ]- 
module structure by the involutive 0-module automorphism of A given by X i—» S (i.e. X acts 
on (B/J*B)t as multiplication by S). 

Proposition 6.6 ([03], Lemma 3.3.11.). The injection (6.4) induces an isomorphism of 
Apf ' 1 ]-modules Gal(F/Foo) ®a 5 A[A _1 ] s (B//|B)t. 
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6.3. Ramification in L/F^. In this subsection, we will use the Aj-module structure of Gal(L/ F^) 
to characterize the ramification occurring in L/F w . 

Let £ ¥= p be an arbitrary prime. It is well known that the prime £ will not split completely 
in the cyclotomic Z p -extension F^/F. Hence, there are only finitely many primes li,..., [ m of 
F m lying above £. Consider the subgroup Ge c Gal(L/Foo) generated by the inertia subgroups 
/[; for 1 < * < m. Let us call the corresponding fixed field K(. Then LQ/-Fao is the maximal 
subextension of L/F^ in which all of the l, are unramified. Of primary interest to us will be 
the group Gal(L/iG) = Gi- 

Lemma 6.7 ([04], Lemma A.2.1). The Galois group Gal (L/Kf) is a cyclic A^-module anni¬ 
hilated by b e {X) := (1 + X) S W - 

Lemma 6.8. If £ \ N or £ 2 ^) is not a p-power root of unity, then £ is unramified in L/F ,[». 

Proof. Recall that p is unramified outside of Np, and 6(a) = 0 for a e I p . Therefore, the 
injectivity of the map Gal(L/Foo) B/IgB implies that L/F, ^ is unramified outside of N. On 
the other hand, if £2 {£) is not a p-power root of unity, we have 

ii-er'm. = = i, 

which implies 6 ^(X) e A x . This in turn implies that £ is unramified in L/F, jo, by Lemma 6.7. □ 

6.4. The Iwasawa main conjecture and the characteristic ideal of L/F,y. In order to 
prove the main conjecture and determine Chai'A 4 (Gal(L/.Foo)), we will employ the theory of 
Fitting ideals. Let us quickly recall the definition and some of the basic properties of these 
ideals [MW, Appendix]. 

Definition 6.9. Let R be a commutative ring and M an R-module of finite presentation. Take 
any presentation of M, 

R m jp_* R u q 

The (0 th ) Fitting ideal Fitt^(M) is defined to be the ideal of R generated by all n x n minors 
of ip. This ideal is independent of the choice of presentation. 

Proposition 6.10 ([MW], Appendix). For any finitely generated R-module M, the following 
hold: 

(1) If M -» M' is a surjection of R-modules, then Fitt r(M) c Fittfl(M'). 

(2) If M is a faithful R-module, then Fitt^(M) = 0. 

(3) For any R-algebra R', we have FittR/(Af <S)r R') = Fitt^(M) • R'. 

(4) If M is a direct sum of cyclic R-modules, say M = R/a\ x • • • x R/at), then FittR(M) = 

ai.cp. 

We are now ready to prove the Iwasawa main conjecture over Q. The following proof is 
based on the method of Ohta [03]. 

Theorem 6.11 (The Iwasawa main conjecture over Q). We have the following equality of 
ideals 

Chai-A^Xoo,^) = (Fpf,^ 1 )). 

Proof. By a well known consequence of the analytic class number formula, it suffices to show 

Char^X^J c= (F(X,e 2 - 1 )) 

[MW, p. 207]. In order to make the proof of this inclusion more manageable, we will make 
two claims from which the above inclusion follows easily. Once this is done, we will go about 
proving these claims. 
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Let L un /Foo be the maximal unramified subextension of L/F a3l and define 


l 


\ 


A = 


n w 

\ d fef*i> I 

\ e\fs ) 




Note that A is a unit multiple of the image of A = Aq^ under the isomorphism induced by 
X«S. 


Claim 1: 


( \ 

vse / 


Char At (Gal(L un /F 00 )) c Char A? (Gal(L/F^)). 


Claim 2: X m ■ Clrar A( , (Gal^/Foo)) c (H) for some integer m > 0. 


Putting these two claims together, we get the following inclusion 


(6.5) 


X m ■ 


( \ 

n w 

V\hU / 


Char A{ (Gal(L un /Foo)) 


(Hx,^ 1 ))- 


We know that L un /F a> is an unramified pro-p abelian extension on which A acts via £i, which 
implies Gal(F un /Foo) is a quotient of Therefore, we have the following inclusion of 

characteristic ideals 


CharA^Xoo.fc) c Char A4 (Gal(L un /F 00 )). 
[Wa, Proposition 15.22]. Putting this together with (6.5) we get 


( 


\ 


A" 


I I b t (X) 


e\N 

VifeU 


Char A ) c ^(A,^ 1 )). 


) 


A well-known result of Ferrero-Greenberg tells us that the power of X dividing the generator 
of Char A (Aqq^j) is equal to that dividing F(A, ) [FG, §4], In fact, this power is 1 precisely 
when the pair (0o,ifo) is exceptional. Hence, the above inclusion holds with m = 0. 

It will now suffice to show gcd(6^ (A), F(A, £2 )) = 1. Recall from the proof of Lemma 6.8 
that be(X) is a unit if is not a p-power root of unity. Suppose is a p-power root 

of unity. Then any root of be(X) must be of the form uf — 1 where £ satisfies = £)~ 1 (£) 
(here we’re using the fact that = [£]). Clearly £ is a root of unity. By the same argument 
referenced above, we know that if £ is not a p-power root of unity, then — 1 is a unit, albeit 
possibly in some finite extension of O £. However, this would imply that the minimal polynomial 
of u(^ — 1 in CL [A] is a unit in A^. Thus, we may assume that £ is a p-power root of unity. 
Evaluating F(A, £^~ 1 ) at uf — 1 we get L p (l, ^ 1 e), where e e U\ satisfies e(u) = £ _1 . However, 
it is well known that L p (l,^ 1 e) A 0 [Wa, §5.5]. 


Proof of Claim 1: Let £ be a prime dividing N that does not divide /e. By Lemma 6.8, 
this is a necessary condition for the prime £ to ramify in L/F, x. Consider the following exact 
sequence of A^-modules, 

0 — Gal(L/iQ) — Gal(L/Foo) — Gal(LQ/Foo) — 0. 


By Lemma 6.7, we know that 

be(X) ■ Char A{ (Gal(-fQ/Foo)) c Char As (Gal(F/Foo)). 
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Now, suppose l' A t is another prime dividing N that does not divide f\. Then we have the 
exact sequence 

0 - Gal (K t /(K t n A») - Gal^/F*) - Gal((A> n K^/F^) - 0. 

Since Gal(A©(Ay n A©) = Gal(K(Kp /Kp) with the latter being a quotient of Gal(L/AV), 
Lennna 6.7 tells us 


be>(X) • Char A| (Gal((.?Q n A'p)/A 00 )) c Char A{ (Gal(-fQ/Foo)). 


Letting L ur /A’ o0 denote the maximal unranrified subextension of L/F^ and repeating the above 
argument, we get 


/ \ 

nm 

UK ! 


Char A| (Gal(L ur /F 00 )) c Char Ae (Gal(L/F 00 )). 


Proof of Claim 2: By Proposition 6.4, we know that B is a faithful f}^ ^-module. Therefore, 
by Proposition 6.10 (2) and (3), we have Fitt^* ^, 7 * (£>//*£>) = 0. We know that f)* S /I'f. = 

A[S' _1 ]/(A) as A[S'“ 1 ]-modules by Proposition 5.6, so applying Proposition 6.10 (3) once more, 
we get 


Fitt A[ 5-i](B/7|jB) mod A = Fitt„* /T * (B/I%B) = 0. 

This in turn implies Fitt A [x-i] ((F//JS)') (A). By the isomorphism of Proposition 6.6 we 

have 

Fitt A[ x-i ] (Gal(A/F 00 ) (g) A| A[X -1 ]) c (I). 

Now, we know that GalfX/Foo) is a torsion Ac-nrodule since we have an injection of A^- 
modules Gal(-L/F») B/IgB , and the latter is annihilated by A e Ac. Suppose Gal(F/Foo) is 
pseudo-isomorplric to ©- =1 Aj/(/,). Tensoring with A[AT _1 ] will kill any finite Aj-modules, so 
we have 


Gal(F/Foo) ® A( , A[X _1 ] s ©A [X" 1 ]/^). 


i= 1 


Therefore, 


Char A| (Gal(A/Foo)) • A[X 2 ] = Char A[A: -i] (Gal(L/Foo) ® A? A[X *]) 

= -AfX- 1 ] = Fitt A[ .Y-i ] (Gal(F/F 00 ) ® A{ A[X -1 ]) <= (A), 

which implies X m ■ Char A , (Gal(F/F»)) <= (A) for some integer to ^ 0. 


□ 


Corollary 6.12. Let Aq = A/X if the pair (9o,ifo) is exceptional, with Aq = A otherwise. 
Then Char A| (Gal(F/Foo)) = (A 0 ). 

Proof. By Theorem 6.11 and its proof, we have the following inclusion 


l 


\ 


( 6 . 6 ) 


1 I b t (X) 


\ m 

\l\ feU 


(A) c Char A AGal(L/Foo)). 


J 


The fact that is a free and finitely generated Q(A)-module implies that B is a finitely 

generated b A ^-module. Hence, we have a surjection 

(A [S~']/(A)) n - frts/IsT - B/I$B, 
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which implies 

(■ A) n c Char A[x -i ] ((B//^B) t ) <= Char A| (Gal(L/Foo)) ® A{ Apr 1 ]. 

From the injection Ga^L/Foo) (B/IgB)\ we see that there are no elements of Gal(L/F 00 ) 
annihilated by X. Therefore, X j Char A * (Gal(-L/Foo)) and the above inclusion implies 

(6.7) (i) n c Char Ac (Gal(T/Foo)). 

In the remarks preceding the proof of Claim 1, it was shown that be(X) and F(X, £2 ) are 
coprime. Therefore, by (6.6) and (6.7) we have ( A ) c Char A{ (Gal(F/Fao)). Combining this 
with the result of Ferrero-Greenberg and Claim 2 from the proof of Theorem 6.11 we obtain 
the desired result. □ 
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